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Abstract
The recently modified Faddeev-Jackiw formalism for systems hav-
ing one chain of four levels of only second-class constraints is applied
to the non-trivial a=1 bosonized chiral Schwinger model in (1+1) di-
mensions as well as to one mechanical system. The sets of obtained
constraints are in agreement with Dirac’s canonical formulation.
1 Introduction
The first order Lagrangian [1] to start with is given by
L = cα(ζ)ζ˙
α −H(ζ), (1)
where ζα, α = 1, . . . , 2N are the coordinates and H(ζ) is the corresponding
canonical Hamiltonian. The equations of motion can be written as fαβ ζ˙
β =
∂αH , where ∂α ≡ ∂/∂ζ
α and
fαβ ≡ ∂αcβ(ζ)− ∂βcα(ζ). (2)
The system corresponding to the Lagrangian (1) together with the primary
constraints φ(1)µ , (µ = 1, . . . ,M), is described by the Lagrangian L
′ = cαζ˙
α−
λµφ(1)µ −H(ζ) where λ
µ are Lagrange multipliers. The consistency conditions
of these primary constraints bring new constraints to the system. So, the
Lagrangian (1) is extended by the term ξµφ˙(1)µ as L
(1) = cα(ζ)ζ˙
α − ξ˙µφ(1)µ −
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H(ζ) [2]. Then, multiplying both sides of the associated equations of motion
by the left null-eigenvectors of the symplectic tensor gives the next second-
class constraint and so on. This procedure leads us to a chain structure [3]
of a second-class constraint set φ(1), φ(2), . . . , φ(N). Assume that the above
method continues until the step (N/2) + 1 because of the singularity of the
symplectic two-form F ((N/2)+1) given in the right hand side of the matrix
form of the following equations of motion [1]


f A(1) . . . A[(N/2)+1]
−A(1)T 0 . . . 0
...
...
...
−A[(N/2)+1]T 0 . . . 0




ζ˙
ξ˙1
...
ξ˙(N/2)+1


=


∂H
0
...
0


, (3)
where the elements of the matrix A(γ) are A(γ)µα ≡ ∂αφ
(γ)
µ , γ = 1, . . . , N . So,
F ((N/2)+1) does not admit a new left null-eigenvector. In order to obtain
the next level constraint φ[(N/2)+2] ≈ {φ[(N/2)+1], H} and the remaining con-
straints of the chain, a modification in the symplectic analysis [4, 5] given
above is done [1] by truncating the matrix form of the symplectic tensor
F ((N/2)+1) in (3) as
F˜ ((N/2)+1) =


f A(1)
−A(1)T 0
...
...
−A[(N/2)+1]T 0


(4)
so that F˜ ((N/2)+1) possesses a new left null-eigenvector v[(N/2)+1]. Here, F˜ ((N/2)+1)
denotes the truncated matrix F ((N/2)+1) [1].
The aim of this manuscript is to apply recently modified Faddeev-Jackiw[6]
formalism on two examples of physical interest. The first example is the
Schwinger model in (1+1) dimensions which, despite the gauge anomaly,
is unitary and it was consistently quantized [8]. The second example is a
simpler mechanical system possessing one chain of a four level second-class
constraints.
2
2 Examples
2.1 Schwinger model in (1+1) dimensions
The bosonized chiral Schwinger model in (1+1) dimensions is described by
the Lagrangian density
L =
1
2
∂µϕ∂
µϕ + (gµν − εµν)∂µϕAν −
1
4
FµνF
µν +
1
2
AµA
µ, (5)
where gµν=diag(1, -1), ε01=1 and ∂0 ≡ ∂/∂t, ∂1 ≡ ∂/∂x. The canonical
momenta are pi0 = 0, pi1 = A˙1 − ∂1A0 ≡ E and piϕ = ϕ˙ + A0 − A1 ≡ pi. The
canonical density and the total density Hamiltonians are given [8] by HC =
1
2
(E2+pi2+(∂1ϕ)
2)+E∂1A0+(pi+A1+∂1ϕ)(A1−A0) and HT = HC+λpi
0,
respectively, where the overdot denotes the time derivative. The usual Dirac
approach [7] gives the following set of constraints [8] φ(1) ≡ pi0 ≈ 0, φ(2) ≡
∂1E + pi+ ∂1ϕ+A1 ≈ 0, φ
(3) ≡ E ≈ 0, and φ(4) ≡ −pi− ∂1ϕ− 2A1 +A0 ≈ 0
where φ(1) ≡ pi0 is the only primary constraint and all constraints are second-
class. The first order Lagrangian density associated to (5) is written as
L = pi0A˙0 + pi
1A˙1 + piϕϕ˙−HC . (6)
which gives the symplectic tensor f as follows
f =


0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


δ(x− y). (7)
Considering the consistency condition of the primary constraint φ(1) ≡ pi0
forms the first order Lagrangian density (6) as
L(1) = pi0A˙0 + pi
1A˙1 + piϕϕ˙− ξ˙1pi
0 −HC (8)
3
and so by eqn.(2) and (3) the equations of motion F
(1)
αβ ζ˙
β = δHT
δζα
in the
extended space ζ = (A0, A1, ϕ, pi
0, pi1, piϕ, ξ1) are written as in the following


0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0




A˙0
A˙1
ϕ˙
p˙i0
p˙i1
p˙iϕ
ξ˙1


=


−(pi + A1 + ∂1ϕ+ ∂1pi
1)
pi + A1 + ∂1ϕ+ A1 − A0
−∂1A1 + ∂1A0
λ
pi1 + ∂1A0
piϕ + A1 − A0
0


, (9)
where the left null-eigenvector of F (1) is calculated as v(1) = (−1, 0, 0, 0, 0, 0, 1).
By applying the procedure with v(1), the second constraint is found to be
φ(2) = pi + A1 + ∂1ϕ + ∂1pi
1 that is second-class. Then the consistency of
φ(2) adds the term −ξ˙2(pi + A1 + ∂1ϕ + ∂1pi
1) to the Lagrangian in (8) and
from (3) the matrix form of the equations of motion F
(2)
αβ ζ˙
β = δHT
δζα
is found
as follows


0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 0 1
0 0 0 0 0 −1 0 0
1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1
0 0 0 −1 0 0 0 0
0 −1 0 0 0 −1 0 0




A˙0
A˙1
ϕ˙
p˙i0
p˙i1
p˙iϕ
ξ˙1
ξ˙2


=


−(pi + A1 + ∂1ϕ+ ∂1pi
1)
pi + A1 + ∂1ϕ+ A1 − A0
−∂1A1 + ∂1A0
λ
pi1 + ∂1A0
piϕ + A1 −A0
0
0


,(10)
where F (2) admits a new left null-eigenvector v(2) = (0, 0,−1, 0, 1, 0, 0, 1).
Repeating the procedure for v(2) gives the next second-class constraint φ(3) =
pi1. For the following step we obtain
L(3) = pi0A˙0 + pi
1A˙1 + piϕϕ˙− ξ˙1pi
0 − ξ˙2(pi + A1 + ∂1ϕ+ ∂1pi
1)− ξ˙3pi
1 −HC .(11)
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The form of the eqn.(3) for this case becomes


0 0 0 −1 0 0 0 0 0
0 0 0 0 −1 0 0 1 0
0 0 0 0 0 −1 0 0 0
1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 1 0
0 0 0 −1 0 0 0 0 0
0 −1 0 0 0 −1 0 0 0
0 0 0 0 −1 0 0 0 0




A˙0
A˙1
ϕ˙
p˙i0
p˙i1
p˙iϕ
ξ˙1
ξ˙2
ξ˙3


=


−(pi + A1 + ∂1ϕ+ ∂1pi
1)
pi + A1 + ∂1ϕ+ A1 − A0
−∂1A1 + ∂1A0
λ
pi1 + ∂1A0
piϕ + A1 −A0
0
0
0


(12)
but F (3) does not have a new left null-eigenvector. Finally, by truncating the
above mentioned symplectic two-form as shown in (4), we obtain
F˜ (3) =


0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 −1 0 0 0 −1 0
0 0 0 0 −1 0 0


δ(x− y) (13)
which admits a new left null-eigenvector v(3) = (0,−1, 0, 0, 0, 0, 0, 0, 1). There-
fore, the last step of the algorithm produces the last constraint φ(4) =
−pi − ∂1ϕ − 2A1 + A0. By direct calculations we see that the next step of
the algorithm will not produce any new constraint because the corresponding
symplectic two-form has a non-singular matrix with determinant 1.
2.2 Example 2
Let us consider the following Lagrangian
L = x˙y˙ − z(x+ y), (14)
where ζM = (x, y, z, px, py, pz),M = 1, 2, 3. The primary constraint is φ
(1) =
pz. The canonical and total Hamiltonians are given by HC = pxpy + z(x +
5
y), HT = HC + λpz. By the usual Dirac approach[7], we obtain the following
second-class constraints φ(2) = −x − y, φ(3) = px + py and φ
(4) = −2z. The
first order Lagrangian of the form (1) is
L = x˙px + y˙py + z˙pz −HC . (15)
After imposing the consistency condition of φ(1), the first order Lagrangian
in (15) becomes
L(1) = x˙px + y˙py + z˙pz − ξ˙1pz −HC . (16)
From (2) and (3), the matrix form of the equations of motion is found as


0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 1
0 0 0 0 0 −1 0




x˙
y˙
z˙
p˙x
p˙y
p˙z
ξ˙1


=


z
z
x+ y
py
px
λ
0


. (17)
The matrix F (1) in (17) admits the left null-eigenvector v(1) = (0, 0,−1, 0, 0, 0, 1).
Applying the method described in Section 1, the second-class constraint
φ(2) = −x− y appears. Imposing the consistency condition of φ(2) we obtain
L(2) = x˙px + y˙py + z˙pz − ξ˙1pz − ξ˙2(−x− y)−HC (18)
so that by using (3) the corresponding equations of motion are obtained in
the following matrix form


0 0 0 −1 0 0 0 −1
0 0 0 0 −1 0 0 −1
0 0 0 0 0 −1 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 1 0
0 0 0 0 0 −1 0 0
1 1 0 0 0 0 0 0




x˙
y˙
z˙
p˙x
p˙y
p˙z
ξ˙1
ξ˙2


=


z
z
x+ y
py
px
λ
0
0


. (19)
In this case F (2) admits a new left null-eigenvector v(2) = (0, 0, 0,−1,−1, 0, 0, 1).
The same procedure with v(2) gives the second-class constraint φ(3) = py+px.
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In order to obtain the next constraint φ(4), the consistency condition of the
constraint φ(3) is considered, so the Lagrangian (18) takes the form
L(3) = x˙px + y˙py + z˙pz − ξ˙1pz − ξ˙2(−x− y)− ξ˙3(py + px)−HC (20)
which gives
F (3) =


0 0 0 −1 0 0 0 −1 0
0 0 0 0 −1 0 0 −1 0
0 0 0 0 0 −1 0 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 1 0 0
0 0 0 0 0 −1 0 0 0
1 1 0 0 0 0 0 0 0
0 0 0 −1 −1 0 0 0 0


. (21)
F (3) does not admit a new left null-eigenvector, therefore a problem appears
to reach the last constraint φ(4) within this procedure. Therefore, using (4)
we truncate the matrix F (3) as
F˜ (3) =


0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 1
0 0 0 0 0 −1 0
1 1 0 0 0 0 0
0 0 0 −1 −1 0 0


. (22)
F˜ (3) admits a new left null-eigenvector denoted by v(3) = (−1,−1, 0, 0, 0, 0, 0, 0, 1).
Hence, we found the last constraint φ(4) = −2z by continuing the procedure
with the null-eigenvector v(3). The constraint φ(4) is the last constraint and
the procedure is finished because for the next level, the symplectic tensor
F (4) has a non-singular matrix with det(F (4))=16.
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